Abstract-This letter presents a rigorous proof of the maximum number of finite transmission zeros which can be achieved by a network of coupled resonators with a fixed topology matrix. Once the topology matrix is fixed, the number of finite transmission zeros cannot exceed this number regardless of the choice of the frequency-independent coupling coefficients M ij .
I. INTRODUCTION

M
ODERN communication systems often require filtering structures which can only be achieved by those systems exhibiting transmission zeros at finite frequencies. The resulting sharp cutoff between the different communication channels is essential in avoiding cross-talk. Furthermore, the proximity of these channels is best handled by filters with asymmetrically prescribed transmission zeros [1] .
Although simple rule of thumb for determining the number of transmission zeros of coupled resonator filters with certain configuration, e.g., in-line and folded [2] , are known, a general and rigorous investigation of this issue is not known to the author. With the increasing complexity in communication systems, it is of primary importance to have a systematic rule to determine beforehand the maximum number of finite transmission zeros that can be achieved by a network of coupled resonators with a given topology matrix. Using such a test, the engineer can decide on possible topologies for a given filtering response before carrying out any further, and potentially lengthy, investigation.
Given a symmetric topology matrix this letter establishes a systematic algorithm to determine the maximum number of finite transmission zeros, real and complex, it can implement. No root finding is required.
II. THEORY
We are concerned with a network consisting of coupled lossless resonators as shown in Fig. 1 . The frequencyindependent coupling coefficient between resonator and resonator is denoted by
The network is excited at port 1 with a source of magnitude unity and internal resistance The load is a resistance at the th resonator. Although not explicitly shown, diagonal elements in the coupling matrix are allowed to model shifts in the resonant frequencies of the different resonators. This network was extensively used by Atia and Williams [3] .
The topology matrix of the network is defined by if if Let be a vector containing loop currents in the network shown in Fig. 1 . A simple analysis shows that [3] (1)
Here, is the normalized frequency, is a matrix whose only nonzero entries are , and and is the identity matrix. Using this equation, it can be easily shown that the transmission coefficient is given by (2) This equation shows that the finite transmission zeros of the network are the finite zeros of It is, however, known that the finite transmission zeros are a property of the network alone and do not depend on and [4, p. 21]. We therefore set in the following discussion. Instead of using the actual coupling matrix we use the topology matrix to prove the following result: Theorem: The maximum number of finite transmission zeros achievable by the topology is given by where is the smallest positive integer for which is nonzero. Here is the th power of the matrix Before presenting the proof, we note that if the first resonator is coupled to the last th) resonator, then and the maximum number of finite transmission zeros is which is a well-known result. The proof of this theorem uses the Souriau-Frame algorithm to determine the inverse of the matrix [5] . Since the matrix we need to invert is we only need to rewrite 1051-8207/99$10.00 © 1999 IEEE it as to get (3) where the matrices and the constants are given by [5, p. 378] (4) (5) (6) (7)
. . . (8) (9) Using (3) to take the entry we see that the finite transmission zeros are roots of the polynomial (10) This equation shows that the maximum number of finite transmission zeros is given by first nonzero term in the sequence Since is the identity matrix, regardless of the topology matrix there can not be more than finite transmission zeros regardless of the topology matrix [3] .
From (4) and (6) we have
If is nonzero, then the maximum number of finite transmission zeros is But this is equivalent to having resonators 1 and cross-coupled, a known result.
If
we consider the next coefficient (12) Here we used the fact that (previous step). If is nonzero, the degree of the numerator is If is zero, we move to the next coefficient. Following similar steps, it is easily seen that the process continues until Under these conditions, the degree of the numerator is An objection may be raised regarding the use of the topology matrix instead of the coupling matrix in the proof of the theorem. That this is justified is due to the fact that we are considering the maximum number of finite zeros of the topology. It can happen that the actual number of finite zeros given by a coupling matrix of the same topology is less that This can happen when the coupling coefficients have mixed signs such that cancellations in the products take place.
It is also very important to keep in mind that this result holds when the coupling matrix is assumed frequency independent.
III. EXAMPLES
We consider a few examples to illustrate the approach. It has been already stated that if resonators 1 and are cross-coupled then Consider an in-line 6-resonator structure where resonator 1 is cross-coupled to 4 and resonator 3 to 6. In this case, the topology matrix is given by (13) Since we examine A simple multiplication shows that this term is also zero. We then examine which we determine to be It therefore follows that this implementation can not realize more than finite transmission zeros. Topology matrices of larger orders were examined but are not presented here for lack of space.
IV. CONCLUSIONS
A rigorous proof of the maximum number of finite transmission zeros which can be implemented by a network of coupled resonators of a given topology matrix was presented. This result should be useful in selecting the proper topology in the increasingly complex filtering structures in modern communication systems.
